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def u(f, g) =def f u g 6= undef
def u =def ∀f, g ∈ AS : defu(f, g)
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cst =def ∀f, g ∈ AS : cst(f, g)
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
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cpt =def ∀f, g ∈ AS : cpt(f, g)
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f td g =def {f, g}
cstd ∧ cptd
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(f : AS, g : AS)

cs6(f, g) =def f 6 g ⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
cs6 =def ∀f, g ∈ AS : cs6(f, g)
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(f : AS, g : AS)

cp6(f, g) =def (∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j) ⇒ f 6 g
cp6 =def ∀f, g ∈ AS : cp6(f, g)
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f 6d g =def false
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(f : AS, g : AS)
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cs0(f, g) =def f 0 g ⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
cs0 =def ∀f, g ∈ AS : cs0(f, g)
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(f : AS, g : AS)
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cp0(f, g) =def (∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j) ⇒ f 0 g
cp0 =def ∀f, g ∈ AS : cp0(f, g)
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• AS∗ =def P(AS)

• ASK ∗ =def P(ASK )

• TELL∗ =def {F ∈ P({⊥} ∪ TELL ∪ ASK ) | F ∩ {⊥} ∪ TELL 6= ∅}

• F v∗ G =def
∨
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
∃f ∈ F, g ∈ G : f v g
∃f ∈ F : f v ⊥
∃g ∈ G : > v g
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• closedu(F ) =def ∀f 6= f ′ ∈ F : f u f ′ = undef

• closedt(G) =def ∀g 6= g′ ∈ G : g t g′ ⊆ G
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df =def TELL ⊆ ASK
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f : AS
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st(f) =def M(f) 6= ∅
st =def ∀f ∈ AS : st(f)
st ′ =def ∀d ∈ TELL : st(d)
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sg(f) =def |M(f)| = 1
sg =def ∀f ∈ AS : sg(f)
sg ′ =def ∀d ∈ ASK : sg(d)
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b∈B M(b)
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∗ >?
 ¢k
t
g(qloyNa6y
t
h±a¦c
t
n©zr?a!yvz{aiqrja¦c
t
n©zr?a
         
  
Æ
Å
»
(

I =def< Σ
∗ >
6n©z?cih
t
~
t
hEcfy/cfn©kNzay
t
h(ymloaikºa¦c
t
n©zr?aEª|jrqbclokNaihP{¤!n©ci+yºj|hPmnozrzrnozryvz|{
yvzThEz|{
Ob



v
IÅ 

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• df
• st
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f v g =⇒ ∃u, v ∈ AS : f = u.g.v
=⇒ ∀i ∈ I : i |= f ⇒ ∃u′, v′ ∈ AS : i = u′.f.v′ = u′.u.g.v.v′
=⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ M(f) ⊆ M(g)
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f 6v g =⇒6 ∃u, v ∈ AS : f = u.g.v
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=⇒ f |= f ∧ f 6|= g
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=⇒ M() = I
¯

• csu ∧ cpu
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AS =def AS1 ] AS2 ] {0}
TELL =def TELL1 ] TELL2
ASK =def ASK 1 ] ASK 2
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• df ⇐ df 1 ∧ df 2
• st ′ ⇐ st ′1 ∧ st ′2
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d ∈ TELL =⇒ d ∈ TELL1 ∨ d ∈ TELL2
=⇒ M1(d) 6= ∅ ∨M2(d) 6= ∅
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• csv ⇐ csv1 ∧ cs⊥1 ∧ csv2 ∧ cs⊥2
 

Å3Å 

t
 
f v g
ª`cfrhEzTkNzrh±kv cirh± ¢kNl©lok/¤!n©z-na³c
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=⇒ M(f) = ∅ ⊆ M(g)
¯
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• reduced(F1 ∪ F2, G1 ∪G2) ⇐ reduced1(F1, G1) ∧ reduced2(F2, G2)
reduced .top ⇐ reduced .top1 ∧ reduced .top2
reduced .bot ⇐ reduced .bot1 ∧ reduced .bot2
reduced .bot ′ ⇐ reduced .bot ′1 ∧ reduced .bot ′2
reduced .right ⇐ reduced .right1 ∧ reduced .right2
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 -lokmmnEaP¯
    
	
AS =def (AS 1 ×AS 2) ] {0}
TELL =def TELL1 × TELL2
ASK =def ASK 1 ×ASK 2
       
  
Æ
Å
»
(

I = I1 × I2
¯
Ob



v
IÅ 

(i1, i2) |= f =def f = (f1, f2) ∧ i1 |=1 f1 ∧ i2 |= f2
¯
     	  
 
   


WÅ

f v g =def
∨ 

f = 0
f = (f1, f2) ∧ (f1 v1 ⊥1 ∨ f2 v2 ⊥2)
f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v2 g2.
O
Å
'
Å  Â

> =def (>1,>2)
¯

Å 
P/rÆ

v
WÅ

⊥ =def 0
¯

Å 


v
WÅ

f u g =def
{
0
n© 
f = 0 ∨ g = 0
(f1 u1 g1, f2 u2 g2)
n© 
f = (f1, f2) ∧ g = (g1, g2)
Æ





v
WÅ

ftg =def


{f}
n© 
g = 0
{g}
n© 
f = 0
{(f1, f2), (g1, g2)}
n© 
f = (f1, f2) ∧ g = (g1, g2)
∪{(f1 u1 g1, h2) | def (f1 u1 g1), h2 ∈ f2 t2 g2}
∪{(h1, f2 u2 g2) | def (f2 u2 g2), h1 ∈ f1 t1 g1}
 ~
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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• df ⇐ ∀i ∈ {1, 2} : df i
• st ′ ⇐ ∀i ∈ {1, 2} : st ′i
   Å3Å  
∀i ∈ {1, 2} : st ′i =⇒ ∀i ∈ {1, 2} : ∀di ∈ TELLi : Mi(di) 6= ∅
=⇒ ∀(d1, d2) ∈ TELL : M((d1, d2)) = M1(d1)×M2(d2) 6= ∅
=⇒ st ′
¯

• sg ′ ⇐ ∀i ∈ {1, 2} : sg ′i
   Å3Å  
d ∈ TELL =⇒ d = (d1, d2) ∧ d1 ∈ TELL1 ∧ d2 ∈ TELL2
=⇒ Card (M1(d1)) = 1 ∧ Card(M2(d2)) = 1
¼
sg ′1, sg
′
2
¾
=⇒ Card (M1(d1)×M2(d2)) = 1
=⇒ Card (M(d)) = 1
¯

• csv ⇐ ∀i ∈ {1, 2} : csvi ∧ cs⊥i
 

Å3Å 

f v g
nogY~rl©nohPa
 
hPn§cfrh
t
f = 0

=⇒ M(f) = ∅ =⇒ M(f) ⊆ M(g)
¯
 
k
t
f = (f1, f2) ∧ f1 v1 ⊥1
=⇒ M1(f1) ⊆ M1(⊥1)
¼
csv1
¾
=⇒ M1(f1) ⊆ ∅
¼
cs⊥1
¾
=⇒ M1(f1)×M2(f2) = ∅
=⇒ M((f1, f2)) = ∅
=⇒ M((f1, f2)) ⊆ M((g1, g2)
=⇒ M(f) ⊆ M(g)
¯
 
k
t
f = (f1, f2) ∧ f2 v2 ⊥2
An{bhEgT¯
 
k
t
f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v2 g2

∀i ∈ {1, 2} : csvi(fi, gi)
=⇒ ∀i ∈ {1, 2} : fi vi gi ⇒ Mi(fi) ⊆ Mi(gi)
=⇒ ∀i ∈ {1, 2} : fi vi gi ⇒ M1(f1)×M2(f2) ⊆ M1(g1)×M2(g2)
=⇒ (f1, f2) v (g1, g2) ⇒ M((f1, f2)) ⊆ M((g1, g2))
=⇒ M(f) ⊆ M(g)
¯
hPzhnozÁyvlol3EymaihPa
M(f) ⊆ M(g)
¯

• cpv(f, g) ⇐ ∀i ∈ {1, 2} : cpvi(fi, gi) ∧ reduced .bot i
cpv ⇐ ∀i ∈ {1, 2} : cpvi ∧ reduced .bot i
cp′v ⇐ ∀i ∈ {1, 2} : cp
′
vi ∧ reduced .bot
′
i
 

Å3Å 

M(f) ⊆ M(g)
nogY~rlon©hOa
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
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 
hPn§cfrh
t
M(f) = ∅

=⇒ f = 0 ∨ (f = (f1, f2) ∧ (M1(f1) = ∅ ∨M2(f2) = ∅))
=⇒ f = 0 ∨ (f = (f1, f2) ∧ ({f1} v
∗
1 ∅ ∨ {f2} v
∗
2 ∅))
¼
reduced .bot1, reduced .bot2
¾
=⇒ f = 0 ∨ (f = (f1, f2) ∧ f1 v1 ⊥1 ∨ f2 v2 ⊥2)
=⇒ f v g
¯
 
k
t
M(f) 6= ∅

=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧M((f1, f2)) ⊆ M((g1, g2))
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧M1(f1)×M2(f2) ⊆ M1(g1)×M2(g2)
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧M1(f1) ⊆ M1(g1) ∧M2(f2) ⊆ M2(g2)
=⇒ f = (f1, f2) ∧ g = (g1, g2) ∧ f1 v1 g1 ∧ f2 v g2
¼
∀i ∈ {1, 2} : cpvi(fi, gi)
¾
=⇒ f v g
¯
hPzhnozÁyvlol3EymaihPa
f v g
¯

• cp> ⇐ ∀i ∈ {1, 2} : cp>i
 

Å3Å 

M(>) = M((>1,>2)) = M1(>1)×M2(>2)
= I1 × I2
¼
cp>1 , cp>2
¾
= I
¯

• cs⊥
 

Å3Å 

M(⊥) = M(0) = ∅
¯

• cst ⇐ ∀i ∈ {1, 2} : csui ∧ csti
 

Å3Å 

  f = 0

=⇒ M(f) = ∅ =⇒ M(g) ⊆ M(f) ∪M(g)
=⇒
⋃
h∈ftg M(h) ⊆ M(f) ∪M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2), g = (g1, g2), h ∈ f t g

∗ h = f

M(f) ⊆ M(f) ∪M(g)
∗ h = g

M(g) ⊆ M(f) ∪M(g)
∗ h = (f1 u1 g1, h2)
ªr¤!h
t
h
def(f1 u1 g1), h2 ∈ f2 t2 g2

¼¦O¾
⋃
h2∈f2t2g2
M2(h2) ⊆ M2(f2) ∪M2(g2)
¼
cst2
¾
=⇒ ∀h2 ∈ f2 t2 g2 : M2(h2) ⊆ M2(f2) ∪M2(g2)
¼Um¾
M1(f1 u1 g1) ⊆ M1(f1) ∩M1(g1) (csu1)
	xk/¤ª
M(h) = M((f1 u1 g1, h2)) = M1(f1 u1 g1)×M2(h2)
=⇒ M(h) = M1(f1 u1 g1)× ((M2(h2) ∩M2(f2)) ∪ (M2(h2) ∩M2(g2)))
¼¦O¾
=⇒ M(h) ⊆ M1(f1 u1 g1)×M2(f2) ∪M1(f1 u1 g1)×M2(g2)
 ~
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=⇒ M(h) ⊆ M1(f1)×M2(f2) ∪M1(g1)×M2(g2)
¼Im¾
=⇒ M(h) ⊆ M(f) ∪M(g)
∗ h = (h1, f2 u2 g2)
ªr¤!h
t
h
def(f2 u2 g2), h1 ∈ f1 t1 g1
An{bhEg
^bkª
∀h ∈ f t g : M(h) ⊆ M(f) ∪M(g)
=⇒
⋃
h∈ftg M(h) ⊆ M(f) ∪M(g)
¯

• cpt
   Å3Å  
  f = 0

=⇒ M(f) = ∅ =⇒ M(g) ⊇ M(f) ∪M(g)
=⇒
⋃
h∈ftg M(h) ⊇ M(f) ∪M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2), g = (g1, g2)

{f, g} ⊆ f t g =⇒
⋃
h∈ftg M(h) ⊇ M(f) ∪M(g)
¯

• defstu ⇐ ∀i ∈ {1, 2} : defstui
 

Å3Å 

M(f) ∩M(g) 6= ∅
=⇒ M(f) 6= ∅ ∧M(g) 6= ∅
=⇒ f = (f1, f2) ∧ g = (g1, g2)
=⇒ (M1(f1)×M2(f2)) ∩ (M1(g1)×M2(g2)) 6= ∅
=⇒ (M1(f1) ∩M1(g1))× (M2(f2) ∩M2(g2)) 6= ∅
=⇒ M1(f1) ∩M1(g1) 6= ∅ ∧M2(f2) ∩M2(g2) 6= ∅
=⇒ def (f1 u1 g1) ∧ def (f2 u2 g2)
¼
defstu1 , defstu2
¾
=⇒ def (f u g)
¯

• csu ⇐ ∀i ∈ {1, 2} : csui
 

Å3Å 

  f = 0

M(f u g) = M(0) = ∅ ⊆ M(f) ∩M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2) ∧ g = (g1, g2)

M((f1, f2) u (g1, g2)) = M((f1 u1 g1, f2 u2 g2))
= M1(f1 u1 g1)×M2(f2 u2 g2)
⊆ (M1(f1) ∩M1(g1))× (M2(f2) ∩M2(g2))
¼
csu1 , csu2
¾
⊆ (M1(f1)×M2(f2)) ∩ (M1(g1)×M2(g2))
⊆ M(f) ∩M(g)
¯

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• cpu ⇐ ∀i ∈ {1, 2} : cpui
   Å3Å  
  f = 0

M(f u g) = M(0) = ∅ ⊇ M(f) ∩M(g)
¯
  g = 0
An{bhEgT¯
  f = (f1, f2) ∧ g = (g1, g2)

M((f1, f2) u (g1, g2)) = M((f1 u1 g1, f2 u2 g2))
= M1(f1 u1 g1)×M2(f2 u2 g2)
⊇ (M1(f1) ∩M1(g1))× (M2(f2) ∩M2(g2))
¼
cpu1 , cpu2
¾
⊇ (M1(f1)×M2(f2)) ∩ (M1(g1)×M2(g2))
⊇ M(f) ∩M(g)
¯

• reduced .bot ⇐ ∀i ∈ {1, 2} : reduced .bot i
reduced .bot ′ ⇐ ∀i ∈ {1, 2} : reduced .bot ′i
 

Å3Å 

w=hc
f ∈ AS : M(f) ⊆ ∅
¯Lµ³hEz
 
hPn§cfrh
t
f = 0

f v ⊥ =⇒ {f} v∗ ∅
ª
 
k
t
f = (f1, f2)

M1(f1)×M2(f2) = ∅
ªb¤!rnTn©gY~rlon©hOa
∗
hPn§cfrh
t
M1(f1) = ∅
Aa¦k
{f1} v∗1 ∅
¼
reduced .bot i
¾
=⇒ f1 v1 ⊥1 =⇒ f v ⊥
=⇒ {f} v∗ ∅
ª
∗
k
t
M2(f2) = ∅
n{bhEgT¯
hPzhnozÁyvlol3EymaihPa
{f} v∗ ∅
¯

• reduced .right ⇐ ∀i ∈ {1, 2} : csvi ∧ cpvi ∧ cs⊥i ∧ cp>i ∧ defstui ∧ cpui ∧ reduced .right i
 

Å3Å 

w3hEc
f ∈ AS , G ⊆ AS
¯
6
h~
t
k/«Nhci|y/c±mno«mhEz
M(f) ⊆
⋃
g∈G M(g)
ªC¤6h(kNjbcfymn©z
ciyvc
{f} v∗ G
¯
n
t
adcfl©_NªymafaiqrgYh¡cfy/c³ ¢k
t
a¦kNgh
i ∈ {1, 2}
ª`¤h±yG«Nh
Mi(fi) ⊆
⋃
gi∈Gi
Mi(gi)
=⇒ {fi} v
∗
i
⊔
i Gi)
¼
reduced .right i
¾
=⇒
∨ 

fi vi ⊥i
∃hi ∈ tiGi : >i vi hi
∃hi ∈ tiGi : fi vi hi
=⇒
∨ 

Mi(fi) ⊆ ∅ (cs⊥i)
∃hi ∈ tiGi : Ii ⊆ Mi(hi) (cp>i)
∃hi ∈ tiGi : Mi(fi) ⊆ Mi(hi) (csvi)
 ~
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=⇒ ∃hi ∈ tiGi : Mi(fi) ⊆ Mi(hi)
=⇒ Mi(fi) ⊆ Mi([tiGi])
ª¤!rh
t
h
[E]
{rhEzrkmcihPa  aikmgYh±hElohEgYhEz?cnozcfrhaihc
E
ﬃ¯
hPzh±cfrhhPp?qyvcinokmz
Mi(fi) ⊆
⋃
gi∈Gi
Mi(gi) ⇒ Mi(fi) ⊆ Mi([tiGi]).
¼ ¡¯oO¾
^`hPEkmz{rl©_Nª3l©hEc
K = (M1(f1), G1, |=1)
jChYy ¢k
t
gﬀyvlAEkmz?cihE¹?cOª3¤!rh
t
h
G1
{bhEzkvcihOa²cirhY~
t
kv¬
udhPcinokmzTkv 
G
kNzcfrh±½
t
adc!lokmNnom¯
w3hEc
G = {G′ ⊆ G | ∃c ∈ Max (γK(M1(f1))) : (g′1, g
′
2) ∈ G
′ ⇔ g′1 ∈ int(c)}
¯
µ³rhEzT¤6h±kmjbcyvnoz
  ∀G′ ∈ G : extK(G′1) 6= ∅
ªbjChPPyvqaih
G′1
na³cirhnoz?cihPzNc!km aikmgYh
γ
¬ kNzhP~bc
=⇒ ∀G′ ∈ G : M1(f1) ∩
⋂
g′
1
∈G′
1
M1(g
′
1) 6= ∅
=⇒
⋂
g′
1
∈G′
1
M1(g
′
1) 6= ∅
=⇒ def(u1G′1) ∧M1(u1G
′
1) ⊇
⋂
g′
1
∈G′
1
M1(g
′
1)
ª ¼
defstu1 , cpu1
¾
 
ymz{
M1(f1) ⊆
⋃
G′∈G extK(G
′
1)
ªj|hOEyvq|a¦h±gﬀy/¹bnog(qrg
γ
¬ÎEkmzEhE~bca³k/«mh
t
yvlolËkmjbudhOﬃcfa
=⇒ M1(f1) ⊆
⋃
G′∈G(
⋂
g′
1
∈G′
1
M1(g
′
1))
ª¤!rnhEz?cfymn©la³¤!n§cfT~
t
hP«`n©kNqa
t
hOa¦qrl©c
M1(f1) ⊆
⋃
G′∈G
M1(u1G
′
1).
¼ ¡¯Úm¾
	k/¤ªra¦cfy
t
cfn©zr 
t
kmg
M(f) ⊆
⋃
g∈G M(g)
ª`cfrh
t
hy
t
h±PymaihPa 
 
hPn§cfrh
t
M(f) = ∅
cfrh
t
hy
t
h²ymNymn©zÁEymaihPa 
∗ f = 0

nozcirnaPymaih
f v ⊥ =⇒ {f} v∗ G
¯
∗ f = (f1, f2)

=⇒ M1(f1)×M2(f2) = ∅
=⇒ M1(f1) = ∅ ∨M2(f2) = ∅
=⇒ M1(f1) ⊆
⋃
g1∈∅
M1(g1) ∨M2(f2) ⊆
⋃
g2∈∅
M2(g2)
=⇒ {f1} v∗1 ∅) ∨ {f2} v
∗
2 ∅)
¼
reduced .right1, reduced .right2
¾
=⇒ f = (f1, f2) ∧ (f1 v1 ⊥1 ∨ f2 v2 ⊥2)
=⇒ f v ⊥ =⇒ {f} v∗ G
¯
 
k
t
M(f) 6= ∅

=⇒ f = (f1, f2) ∧M1(f1)×M2(f2) 6= ∅
=⇒ M1(f1) 6= ∅ ∧M2(f2) 6= ∅
¯
	xk/¤
M(f) ⊆
⋃
g∈G M(g)
=⇒ M1(f1)×M2(f2) ⊆
⋃
g∈G(M1(g1)×M2(g2))
=⇒ ∀i1, i2 : i1 ∈ M1(f1) ∧ i2 ∈ M2(f2) ⇒ ∃(g1, g2) ∈ G : i1 ∈ M1(g1) ∧ i2 ∈
M2(g2)
=⇒ ∀G′ ∈ G : ∀i1, i2 : i1 ∈ M1(f1) ∩
⋂
g′
1
∈G′
1
M1(g
′
1) ∧ i2 ∈ M2(f2) ⇒ ∃(g1, g2) ∈
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
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G : i1 ∈ M1(g1) ∧ i2 ∈ M2(g2)
=⇒ ∀G′ ∈ G : ∀i1, i2 : i1 ∈ γ
−1
K (µK(G
′
1)) ∧ i2 ∈ M2(f2) ⇒ ∃(g
′
1, g
′
2) ∈ G
′ : i1 ∈
M1(g
′
1)∧i2 ∈ M2(g
′
2)
ªNj|hOEymqa¦h6hE«Nh
t
_
i1 ∈ γ
−1
K (µK(G
′
1))
jChElokmzr?akmzrlo_cik²cfrh³h¹`cihPzNc
km cfrh
g1 ∈ G1
ciyvcxy
t
h²ymloaikYn©z
G′1
=⇒ ∀G′ ∈ G : ∀i2 : i2 ∈ M2(f2) ⇒ ∃g′2 ∈ G
′
2 : i2 ∈ M2(g
′
2)
=⇒ ∀G′ ∈ G : M2(f2) ⊆
⋃
g′
2
∈G′
2
M2(g
′
2)
=⇒ ∀G′ ∈ G : M2(f2) ⊆ M2([t2G′2])
¼ ¡¯oO¾
=⇒ M2(f2) ⊆
⋂
G′∈G M2([t2G
′
2])
=⇒
⋂
G′∈G M2([t2G
′
2]) 6= ∅
ªyma
M2(f2) 6= ∅
=⇒ x2 = uG′∈G [t2G′2] ∧ def(x2) ∧M2(x2) ⊇
⋂
G′∈G M2([t2G
′
2])
¼
defstu2 , cpu2
¾
¤!non©gY~rlonohPa
x2 = uG′∈G [t2G
′
2] ∧M2(f2) ⊆ M2(x2).
¼ ¡¯ N¾
°xloaikª` 
t
kmg ¼ ¡¯Úm¾ﬃª
M1(f1) ⊆
⋃
G′∈G M1(u1G
′
1)
ªr¤!non©gY~rlonohPa!j`_´¼ ¡¯©G¾
x1 = [tG′∈G u1 G
′
1] ∧M1(f1) ⊆ M1(x1).
¼ ¡¯ w?¾
xhEzEhmªrj`_º~qbc¦cfn©zr¼ ¡¯ w`¾³yvz{¼ ¡¯ N¾cfkmNhcih
t
ªb¤h±kmjrcfyvnoz
M1(f1)×M2(f2) ⊆ M1(x1)×M2(x2)
=⇒ M((f1, f2)) ⊆ M((x1, x2))
ª
¤!h
t
h
(x1, x2) = ([t1H1],u2H2)
ª
¤!h
t
h
H = {(u1G′1, [t2G
′
2]) | G
′ ∈ G}
¯

t
kNg cirh {rh½zrn©cinokmz­kv 
t
ª´h¹`cfhEz{bhO{ yNa n©z:¼ ¡¯oO¾ª¤hyG«Nh
H ⊆ tG
ªyvz{
(x1, x2) ∈ tH
¯ hPzh
(x1, x2) ∈ tG
=⇒ ∃x ∈ tG : M(f) ⊆ M(x)
=⇒ ∃x ∈ tG : f v x
¼
cpv
¾
=⇒ {f} v∗ G
¯

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m
µ³hg-qrl§cfnoaihcaYkv ¡aiqrjb¬U ¢k
t
g(qloyNa-ymz{»noz?cih
t
~
t
hcy/cinokmz|aE¯·µ³hPaihPyvz ymloaik´jChÁa¦hPhEz ymaqrzrk
t
{bh
t
hO{
cfqr~rlohPaP¯¡Áql§cfnoaihca²Pyvz´Ekmz?cfymn©zaihE«Nh
t
yvl3hOp?qrn©«/yml©hPzNc²hElohEgYhEz?caEª\a¦k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AS =def N
ASE
TELL =def N
TELLE
ASK =def N
ASKE
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hEz?c!hElohEgYhPzNca³kv cd_?~Ch
e1
ªryvz|{
n2
kvcfrh
t
hPl©hPgYhEz?cfa³km cd_`~Ch
e2
¯
        
  
Æ
Å
»
(

I =def N
IE
¼¢g(ql§cfnoaihca!kv 
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i |= E =def ∃ρ ∈ E ↪→ i : ∀e ∈ E : ρ(e) |=E e
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t
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E v F =def ∃ρ ∈ F ↪→ E : ∀f ∈ F : ρ(f) vE f
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> =def {}
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• df ⇐ df E
• st ′ ⇐ st ′E
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E ∈ TELL =⇒ ∀e ∈ E : e ∈ TELLE
=⇒ ∀e ∈ E : ∃iE ∈ IE : iE |=E e
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=⇒ ∃i ∈ I : ∃ρ ∈ E ↪→ i : ∀e ∈ E : ρ(e) |=E e
=⇒ ∃i ∈ I : i |= E
¯
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• csv(E, F ) ⇐ ∀e ∈ E, f ∈ F : csvE (e, f)
csv ⇐ csvE
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E v F −→ ∃ρ ∈ F ↪→ E : ∀f ∈ F : ρ(f) vE f
¯
i |= E =⇒ ∃ρ′ ∈ E ↪→ i : ∀e ∈ E : ρ′(e) |=E e
=⇒ ∃ρ′ ∈ E ↪→ i : ∀f ∈ F : ρ′(ρ(f)) |=E ρ(f) vE f
?_`~CkvcfrhPainoa
=⇒ ∃ρ′′ = ρ ◦ ρ′ ∈ F ↪→ i : ∀f ∈ F : ρ′(ρ(f)) |=E f ∀e ∈ E, f ∈ F : csvE (e, f)
=⇒ ∃ρ′′ ∈ F ↪→ i : ∀f ∈ F : ρ′′(f) |=E f
=⇒ i |= F
¯
hPzh
M(E) ⊆ M(F )
¯
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• cpv(E, F ) ⇐ ∀e ∈ E : sg(e) ∧ ∀e ∈ E, f ∈ F : cpvE (e, f)
cp′v ⇐ cp
′
vE ∧ sg
′
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E 6v F
nogY~rl©nohPa
∃i ∈ I : i |= E ∧ i 6|= F
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E 6v F
=⇒ ∀ρ ∈ F ↪→ E : ∃f ∈ F : ρ(f) 6vE f
=⇒ ∀ρ ∈ F ↪→ E : ∃f ∈ F : ME(ρ(f)) 6⊆ ME(f)
¯
∀e ∈ E, f ∈ F : cpvE (e, f)
^`hPEkmz{rl©_Nªrl©hEc
i =
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e∈E ME(e)
g(qrl©cinaihcqrzrnokmz
yvz{
∀e ∈ E : ρ′(e) = choice(ME(e))
¯ ¼
∀e ∈ E : sgE(e)
¾
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ρ′
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t
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E
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=⇒ ∃ρ′ ∈ E ↪→ i : ∀e ∈ E : ρ′(e) |=E e
=⇒ i |= E
¯
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ρ′′ ∈ F ↪→ i
=⇒ ∃ρ ∈ F ↪→ E : ρ′′ = ρ ◦ ρ′ ρ′
na!yYjrn udhOﬃcfn©kNz
=⇒ ∃ρ ∈ F ↪→ E : ρ′′ = ρ ◦ ρ′, ∃f ∈ F : ME(ρ(f)) 6⊆ ME(f)
`_`~CkvcihPainoa
=⇒ ...∃f ∈ F : ρ′(ρ(f)) /∈ ME(f)
`_`~CkvcihPainoa
=⇒ ...∃f ∈ F : ρ′′(f) 6|=E f
=⇒ ∃f ∈ F : ρ′′(f) 6|=E f
¯
hPzh
∀ρ′′ ∈ F ↪→ i : ∃f ∈ F : ρ′′(f) 6|=E f
=⇒ i 6|= f
¯
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• cp>
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λX.Prod(X, X)
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λVal .Prod(Atom,Val)
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t
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λX.Sum(Unit , X)
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µV.λX.Option(Prod(X, V ))
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µL.λX.Top(Option(Prod(X, L)))
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µT.λF.λX.Top(Prod(X, F (T )))
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λX.Tree(List , X)
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λX.Tree(λT.Option(Pair(T )), X)
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AS =def ASX ] {1}
TELL =def TELLX
ASK =def ASKX ] {1}
 	      
  
Æ
Å
»
(

I = IX
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i |= f =def
{
true
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f = 1
i |=X f
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f ∈ ASX
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f v g =def


true
n© 
g = 1
>X vX g
n© 
f = 1 ∧ g ∈ ASX
f vX g
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f, g ∈ ASX
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> =def 1
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⊥ =def ⊥X
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f u g =def
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f t g =def
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{1}
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f = 1 ∨ g = 1
f tX g
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f, g ∈ ASX
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• df ⇐ df X
• st ′ ⇐ st ′X
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d ∈ TELL =⇒ d ∈ TELLX
=⇒ MX(d) 6= ∅
¼
st ′X
¾
=⇒ M(d) 6= ∅
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• sg ′ ⇐ sg ′X
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d ∈ TELL =⇒ d ∈ TELLX =⇒ Card (MX(d)) = 1
¼
sg ′X
¾
=⇒ Card (M(d)) = 1
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• csv ⇐ csvX ∧ cp>X
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f v g
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=⇒ M(g) = I =⇒ M(f) ⊆ M(g)
¯
 
k
t
f = 1, g ∈ ASX ,>X vX g
¼
def(>X)
¾ 
=⇒ MX(>X) ⊆ MX(g)
¼
csvX
¾
=⇒ IX ⊆ MX(g)
¼
cp>X
¾
=⇒ M(f) ⊆ M(g) = I
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f, g ∈ ASX , f vX g

=⇒ MX(f) ⊆ MX(g)
¼
csvX
¾
=⇒ M(f) ⊆ M(g)
¯
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M(f) ⊆ M(g)
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• cpv ⇐ cpvX ∧ reduced .topX
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M(f) ⊆ M(g)
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=⇒ f v g
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f = 1, g ∈ ASX

=⇒ M(f) = I ⊆ M(g)
=⇒
⋂
k∈∅ M(k) ⊆
⋃
l∈{g} M(l)
=⇒ ∅ v∗X {g}
¼
reduced .topX
¾
=⇒ >X v g =⇒ f v g
¯
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=⇒ MX(f) ⊆ MX(g)
=⇒ f vX g
¼
cpvX
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=⇒ f v g
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f v g
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• cp′v ⇐ cp
′
vX
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w=hc
d ∈ TELL, x ∈ ASK
¯
M(f) ⊆ M(g)
nog~l©nohPa
 
hPn§cfrh
t
g = 1

=⇒ d v x
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=⇒ MX(d) ⊆ MX(x)
=⇒ d vX x
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cp′vX
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=⇒ d v x
¯
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d v x
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• cp>
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M(>) = M(1) = I
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• cs⊥ ⇐ cs⊥X
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M(⊥) = M(⊥X) = MX(⊥X) = ∅
¼
cs⊥X
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• defstu ⇐ defstuX
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M(f) ∩M(g) 6= ∅
¯
t
 
f = 1
k
t
g = 1
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f u g
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f, g ∈ ASX
=⇒ MX(f) ∩MX(g) 6= ∅
=⇒ def (f uX g)
¼
defstuX
¾
=⇒ def (f u g)
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• csu ⇐ csuX
• cpu ⇐ cpuX
• cst ⇐ cstX
• cpt ⇐ cptX
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• reduced(F, G) ⇐ 1 ∈ G ∨ (1 /∈ G ∧ reducedX (F \ {1}, G))
reduced ⇐ reducedX
reduced .bot ⇐ reduced .botX
reduced .bot ′ ⇐ reduced .bot ′X
reduced .top ⇐ reduced .topX
reduced ′ ⇐ reduced ′X
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AS =def ASV ×ASV
ASK =def ASKV ×ASK V
TELL =def {(d, d) | d ∈ TELLV }
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t
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(a, b)
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ª=na±kmzrlo_¤6hElol§¬U ¢k
t
gYhP{¤!hEz
a 6V b
k
t
a 0V b
¼¢hEz|a¦q
t
hPa
cfrhnozNcfh
t
«/yvlËna³zrkvchPg~rcd_b¾¯
       
  
Æ
Å
»
(

I =def IV
Å
/Æ
À

( 

i ≤ j =def i ≤V j)
Ob



v
IÅ 

i |= (a, b) =def ∃ia ∈ MV (a), ib ∈ MV (b) : ia ≤V i ≤V ib
     	  
 
   


WÅ

(a1, b1) v (a2, b2) =def a2 6V a1 ∧ b1 0V b2
    	  	
  
• df ⇐ df V
• st ⇐ stV ∧ cs6V ∧ cs0V
st ′ ⇐ st ′V ∧ cs6V ∧ cs0V
 

Å3Å 

(a, b) ∈ AS =⇒ a, b ∈ ASV ∧ (a 6V b ∨ a 0V b)
=⇒ MV (a) 6= ∅ ∧MV (b) 6= ∅
¯ ¼
stV
¾
	k/¤ª
~~q9
v
	 >G9

@S
 
hPn§cfrh
t
a 6V b

=⇒ ∀ib ∈ MV (b) : ∃ia ∈ MV (a) : ia ≤V ib
¼
cs6V
¾
=⇒ ∃ib ∈ MV (b), ia ∈ MV (a) : ia ≤V ib
¼
MV (b) 6= ∅
¾
=⇒ ∃i ∈ M((a, b)) =⇒ M((a, b)) 6= ∅
¯
 
k
t
a 0V b

=⇒ ∀ia ∈ MV (a) : ∃ib ∈ MV (b) : ia ≤V ib
¼
cs0V
¾
=⇒ ∃ia ∈ MV (a), ib ∈ MV (b) : ia ≤V ib
¼
MV (a) 6= ∅
¾
=⇒ ∃i ∈ M((a, b)) =⇒ M((a, b)) 6= ∅
¯

• sg ′ ⇐ sg ′V
   Å3Å  
w=hc
(d, d) ∈ TELL
¯^`q~r~|k?a¦haikmgYh±nozNcfh
t
~
t
hcfyvcinokmz
i ∈ I
aE¯ cP¯
i |= (d, d)
=⇒ ∃ia, ib ∈ MV (d) : ia ≤V i ≤V ib
=⇒ id ≤V i ≤V id
ªr¤!h
t
h
id
na6cihqrzrnpNqhgkb{bhPl3kv 
d
¼
sg ′V
¾
=⇒ i = id
¯
hPzh
M((d, d)) = MV (d) = {id}
¯

• csv ⇐ cs6V ∧ cs0V
 

Å3Å 

(a1, b1) v (a2, b2)
=⇒ a2 6 a1 ∧ b1 0 b2
=⇒ ∀i1 ∈ MV (a1) : ∃i2 ∈ MV (a2) : i2 ≤ i1
¼
cs6V
¾
∧∀i1 ∈ MV (b1) : ∃i2 ∈ MV (b2) : i1 ≤ i2
¼
cs0V
¾
	k/¤
i |= (a1, b1)
=⇒ ∃i1 ∈ MV (a1) : i1 ≤ i
∧∃i1 ∈ MV (b1) : i ≤ i1
=⇒ ∃i1 ∈ MV (a1), i2 ∈ MV (a2) : i2 ≤ i1 ≤ i
∧∃i1 ∈ MV (b1), i2 ∈ MV (b2) : i ≤ i1 ≤ i2
=⇒ ∃i2 ∈ MV (a2) : i2 ≤ i ∧ ∃i2 ∈ MV (b2) : i ≤ i2
=⇒ i |= (a2, b2)
¯
hPzh
M((a1, b1)) ⊆ M((a2, b2))
¯

• cpv ⇐ cp6V ∧ cp0V
 

Å3Å 

M((a1, b1)) ⊆ M((a2, b2))
=⇒ ∀i ∈ I : i |= (a1, b1) ⇒ i |= (a2, b2)
=⇒ ∀i ∈ I : (∃ia ∈ MV (a1) : ib ∈ MV (b1) : ia ≤ i ≤ ib)
⇒ (∃ia ∈ MV (a2) : ib ∈ MV (b2) : ia ≤ i ≤ ib)
=⇒ ∀i ∈ MV (a1) : (∃ia ∈ MV (a1), ib ∈ MV (b1) : ia ≤ i ≤ ib) ⇒ ∃i2 ∈ MV (a2) : i2 ≤ i
µ³rhEzÁrk`k?a¦h
ia = i = ib

 ~
 
	

{
=⇒ ∀i1 ∈ MV (a1) : ∃i2 ∈ MV (a2) : i2 ≤ i1
=⇒ a2 6 a1
¼
cp6V
¾ﬃ¯
^`nognoly
t
l©_Nªb¤hNhc³cirhainognoly
t!t
hPaiqrl§c!¤!n©ci
b2
¼
cp0V
¾ 
∀i1 ∈ MV (b1) : ∃i2 ∈ MV (b2) : i1 ≤ i2
=⇒ b1 0 b2
¯
µ³rhPaih´+~
t
km~CkNain§cfn©kNzaﬀy
t
hcirh{bhE½zrn©cinokmz kv 
(a1, b1) v (a2, b2)
ª6¤!rn cfh
t
gYn©zyvcihOaYcirh
~
t
k?km d¯

~~q9
N
	 >G9

@S

n
0¨
2 
m
⊇ λX.Sum(X, Sum({−∞}, {+∞}))
°!{{·jCkmqrz|{raY¤¯
t
¯ cP¯ cirhÁk
t
{bh
t
nozr+k/«mh
t
 ¢k
t
g(qloyNa¼IymaYqaihP{ j`_
Interval
¾¯ µ³rhPaihTj|kNqrz{raﬀy
t
h
yN{r{bhO{ÁymajCkvcfÁ ¢k
t
g(qloyNayvz{n©z?cih
t
~
t
hEcfy/cfn©kNzaP¯³µ³noa ¢qrzﬃcfk
t
noa¡{bh½|zrhP{yNaxymzÁh¹`cihPza¦nokmzÁkm Acirh
Ekmg-jrn©z|y/cik
t
mno«mhEznozcirhºaihPcinokmz+cin©ciloh´¼
{−∞}
adcyvz{ra ¢k
t
cihºl©kNmn- ¢qrzﬃcfk
t
Unit
¤!rh
t
h
−∞
na!cfrhkNzrl©_ ¢k
t
g(qloy?¾ﬃ¯!µ³rnagYhPymzan©cxnozrrh
t
n©cfahP«mh
t
_?cin©zrY 
t
kmg cinoa¡kmg-jrnozy/cfk
t
ªyvz{T~CkNafain©jrlo_
t
hP{rh½zrhOa³~y
t
c!kv n§cO¯
  	   	    	 
X ∈ L
 ylokmmn²kv «Gyml©qhPaP¯
       
  
Å /Æ À  (  
i ≤ j =def
∨ 

i = −∞
j = +∞
i, j ∈ IX ∧ i ≤X j
       	  
 
'
Å`Ä(À

Å
GÆ
À

( 

f 6 g =def
∨


g = 0
f = −∞
g = +∞
f, g ∈ ASX ∧ f 6X g

 À

Å
/Æ
À

   

f 0 g =def
∨


f = 0
f = −∞
g = +∞
f, g ∈ ASX ∧ f 0X g
    	  	
  
• cs6 ⇐ cs6X ∧ st
 

Å3Å 

f 6 g
nogY~rl©nohPa 
 
hPn§cfrh
t
g = 0

M(g) = ∅ =⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯
 
k
t
f = −∞

∀j ∈ M(g) : −∞ ≤ j =⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯
 ~
 
	

 
k
t
g = +∞
cfrhEz=ª
∗ f = −∞

∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¼
i = −∞, j = +∞
¾
∗ f = +∞

∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¼
i = j = +∞
¾
∗ f ∈ ASX

M(f) = MX(f) 6= ∅
¼
stX
¾
=⇒ ∃i ∈ M(f) : i ≤ +∞
=⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯
 
k
t
f, g ∈ ASX ∧ f 6X g

=⇒ ∀j ∈ MX(g) : ∃i ∈ MX(f) : i ≤X j
¼
cs6X
¾
=⇒ ∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯ ¼
Sum
¾ﬃ¯
hPzhnozÁyvlol3EymaihPaPª
∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯

• cp6 ⇐ cp6X ∧ stX
   Å3Å  
f 6 g
nogY~rl©nohPa
 
hPn§cfrh
t
f = 0 ∧ g 6= 0

∗ g = −∞

M(g) 6= ∅
∗ g = +∞

M(g) 6= ∅
∗ g ∈ ASX

M(g) = MX(g) 6= ∅
¼
stX
¾
xhEzEhn©zÁyml©l3PymaihPaPª
M(g) 6= ∅
ªryvz|{
M(f) = ∅
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j
¯
 
k
t
f = +∞∧ g = −∞

∃j ∈ M(g) : ∀i ∈ M(f) : i ≤ j
 
k
t
f = +∞∧ g ∈ ASX

M(g) = MX(g) 6= ∅
¼
stX
¾
=⇒ ∃j ∈ M(g) : +∞ 6≤ j
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j
¯
 
k
t
f ∈ ASX ∧ g = −∞

=⇒ ∀i ∈ M(f) : i 6≤ −∞
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j
¯
 
k
t
f, g ∈ ASX ∧ f 6 X g

=⇒ ∃j ∈ MX(g) : ∀i ∈ MX(f) : i 6≤X j
¼
cp6X
¾
=⇒ ∃j ∈ M(g) : ∀i ∈ M(f) : i 6≤ j
¯ ¼
Sum
¾
hPzhnozÁyvlol3EymaihPaPª
¬∀j ∈ M(g) : ∃i ∈ M(f) : i ≤ j
¯

• cs0 ⇐ cs0X ∧ st
 

Å3Å 

f 0 g
nogY~rl©nohPa 
 
hPn§cfrh
t
f = 0

M(f) = ∅ =⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯
~~q9
?
	 >G9

@S
 
k
t
g = +∞

∀i ∈ M(f) : i ≤ +∞ =⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯
 
k
t
f = −∞
cirhPz3ª
∗ g = +∞

∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¼
i = −∞, j = +∞
¾
∗ g = −∞

∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¼
i = j = −∞
¾
∗ g ∈ ASX

M(g) = MX(g) 6= ∅
¼
stX
¾
=⇒ ∃j ∈ M(g) : −∞ ≤ j
=⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯
 
k
t
f, g ∈ ASX ∧ f 0X g

=⇒ ∀i ∈ MX(f) : ∃j ∈ MX(g) : i ≤X j
¼
cs0X
¾
=⇒ ∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯ ¼
Sum
¾ﬃ¯
hPzhnozÁyvlol3EymaihPaPª
∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯

• cp0 ⇐ cp0X ∧ stX
 

Å3Å 

f 60 g
nogY~rl©nohPa
 
hPn§cfrh
t
f 6= 0 ∧ g = 0

∗ f = −∞

M(f) 6= ∅
∗ f = +∞

M(f) 6= ∅
∗ f ∈ ASX

M(f) = MX(f) 6= ∅
¼
stX
¾
xhEzEhn©zÁyml©l3PymaihPaPª
M(f) 6= ∅
ªrymz{
M(g) = ∅
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j
¯
 
k
t
f = +∞∧ g = −∞

∃i ∈ M(f) : ∀j ∈ M(g) : i ≤ j
 
k
t
f ∈ ASX ∧ g = −∞

M(f) = MX(f) 6= ∅
¼
stX
¾
=⇒ ∃i ∈ M(f) : i 6≤ −∞
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j
¯
 
k
t
f = +∞∧ g ∈ ASX

=⇒ ∀j ∈ M(g) : +∞ 6≤ j
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j
¯
 
k
t
f, g ∈ ASX ∧ f 60X g

=⇒ ∃i ∈ MX(f) : ∀j ∈ MX(g) : i 6≤X j
¼
cp0X
¾
=⇒ ∃i ∈ M(f) : ∀j ∈ M(g) : i 6≤ j
¯ ¼
Sum
¾
hPzhnozÁyvlol3EymaihPaPª
¬∀i ∈ M(f) : ∃j ∈ M(g) : i ≤ j
¯

 ~
 
	
N

n
) 
m
µ³hjCk`kmlohPymzEl©k?a¦q
t
hYkv ³yNn©«NhEzl©kNmnv¯
t
c(EymzymloaikTj|hﬀaihEhPzyNa²cirhﬀq|a¦qymlA~
t
km~CkNain§cfn©kNzyvllokmmnvª
¤!kNaih±yvcikNgYa³y
t
h
t
hE~rlymEhP{j?_ºcirh± ¢k
t
g-qrloyNa6kv Ay-lokmNno²Nn©«NhEzyNa!y~y
t
yvgYhcfh
t
¯
  	   	    	 
A ∈ L
 y-lokmNnomªb¤!rkNaih² ¢k
t
g(qrlyma6~rlyG_ﬀcfrh
t
kNl©h²kv Ay/cfkmgﬀa³noz~
t
kN~|k?a¦n©cinokmzyml\l©kNmnv¯
     
	
AS
noa(cihaigﬀyvlol©hOadcYa¦hEc-kv ! ¢k
t
g-qrlymacfy/cYkNzNcyvnoza
ASA
¼Iy/cikNgﬀaf¾ª
1
¼¶c
t
qhO¾ﬃª
0
¼¶ WymloaihO¾ªLyvz{Çna
El©k?a¦hO{´j`_Ácfrhºyv~~rl©nEyvcinokmz+kv 6cirhﬀqrz|y
t
_Ákm~Ch
t
y/cik
t
¬
¼WzrhE?y/cinokmzC¾ﬃª=ymz{+cirhYjrnozy
t
_kN~|h
t
yvcik
t
a
∧
¼IkNz/udqrzcinokmz|¾yvz{
∨
¼W{rnoaWudqrzcinokmz|¾¯
ASK
naAcfrhxaiqrjaihckm Ë~
t
kN~|k?a¦n©cinokmz|aA¤!rkNaihy/cfkmgﬀay
t
hyml©l|n©z
ASKA
¯
TELL
na!cfrh(aiqrjaihcxkm ~
t
kN~|k?a¦n©cinokmzaPªb¤!rk?a¦hzrhPNyvcino«mhy/cfkmgﬀay
t
hyml©l3noz
ASKA
ª|¤!kNaih
~CkNain©cino«mhy/cfkmgﬀay
t
hyml©ln©z
TELLA ∪ ASKA
ª|yvz|{Áa¦qcfy/cxhP«mh
t
_kmzvudqrzﬃcfn©«Nh(lyvq|a¦hEkmz?cfymn©za
y(~|k?a¦n©cino«mh²lon§cfh
t
yvlCn©z
TELLA
¯
s
k?a¦n©cino«mh²y/cikNgﬀa6y
t
hxcirk?a¦h¡qrz{bh
t
cirhafkm~Chxkm yvzhE«NhEzºz`qrg-j|h
t
km 
zhENyvcinokmzaHbyvz{zrhPNyvcino«mh±y/cikNgﬀa!y
t
hxcfrkNaihqrz{bh
t
cirhafkN~|h±km ymzkb{r{z`qrg(jCh
t
km zrhPNyvcinokmzaP¯
        
  
Æ
Å
»
(

I = IA
¯
Ob



v
IÅ 

i |= a =def i |=A a
i |= 1 =def true
i |= 0 =def false
i |= ¬f =def i 6|= f
i |= f ∧ g =def i |= f
ymz{
i |= g
i |= f ∨ g =def i |= f
k
t
i |= g
      	  
 
   


WÅ

f v g
na6c
t
qrhn©¸cirh
t
h±hE¹`na¦cfa!yY~
t
k`kv km =cfrha¦hOp?qrhEz?c
` ¬f ∨ g
n©zciha¦hOpNqhEz?c
EymloEqrl©q|a³kv Aµymjrl©h 
-¯©N¯
t
zTcirh
t
qrlohPaPª
∆
noayml©¤³yG_ba³yﬀa¦hEckv l©n©cih
t
ymloa¼WnI¯ hm¯oªyvcikmgYn² ¢k
t
g(qrlyma³k
t
zrhE?y/cfn©kNza³kv Ay/cfkmgYno
 ¢k
t
g(qrlyma¾ﬃª
Γ
noa²yaihPp?qrhPzh-kv L~
t
km~CkNain§cfn©kNzaPª
L
noa±yºlon©cih
t
yvlUª
X
noa²yº~
t
km~CkNain©cinokmz3ª
β
na¡cirh
{bna¢udqrz|ﬃcinokmzÁkm 
β1 . . . βn
ª
α
noa³cfrh(Ekmz/udqrz|ﬃcinokmzÁkm 
α1 . . . αn
ª|ymz{
L
{bhPzrkvcfhPa³cfrhzrhPNy/cfn©kNz
kv 
L
¼
a := ¬a
yvz{
¬a := a
¾ﬃ¯³µ³rhcyvqbcfkmlokmN_
1
noaxhPp?qrno«/yvlohEz?c!cikYcfrhhEgY~bcd_TkNz/udqrzcinokmz3ª
yvz{cfrhkNzNc
t
yN{bnﬃcinokmz
0
noa³hOpNqn©«/yvlohEz?c!cfk-cfrhhEgY~bcd_{bna¢udqrz|ﬃcinokmz=¯

Å 


v
WÅ

f u g =def f ∧ g
¯
Æ





v
WÅ

f t g =def f ∨ g
¯
~~q9
Cw
	 >G9

@S
>
¬ °!¹bnokmg 
¬b, ∆ ` Γ
n§ 
def >A
yvz|{
>A vA b
⊥
¬ °!¹bnokmg 
a, ∆ ` Γ
n§ 
def ⊥A
yvz|{
a vA ⊥A
v
¬Î°¹bn©kNg 
a,¬b, ∆ ` Γ
n§ 
a vA b
u
¬
}
qrloh a uA b, ∆ ` Γ
a, b, ∆ ` Γ
n© 
def u(a, b)
t
¬
}
qrloh ¬(a tA b), ∆ ` Γ
¬a,¬b, ∆ ` Γ
¬¬
¬
}
qrloh ∆ ` X, Γ
∆ ` ¬¬X, Γ
lon§cfh
t
yvl©¬
}
qrl©h  L, ∆ ` Γ
∆ ` L, Γ
β
¬
}
ql©h  ∆ ` β1, . . . , βn, Γ
∆ ` β, Γ α
¬
}
qrl©h  ∆ ` α1, Γ . . . ∆ ` αn, Γ
∆ ` α, Γ
µyvjrloh 
(¯o^`hOp?qrhEz?cxEymloEqrloqa6 ¢k
t
{bhO{bqcinokmzTn©z~
t
km~CkNain§cfn©kNzyvl\lokmNnom¯
O
Å
'
Å  Â

> =def 1
¯

Å 
P/rÆ

v
WÅ

⊥ =def 0
¯
     	  	
  
 À

WÅ 

>  Ge>K
∆ ` Γ
  ﬃ`N
A
@  *
⋂
δ∈∆ M(δ) ⊆
⋃
γ∈Γ M(γ)

 À

WÅ
 
 >&>  B>9
Trees(∆ ` Γ)
@C>GF> e> G>GR D N
AJA
D
AJA
 @S>&ﬃ>
A
 e>@  B>>
 e`G> B?  7 > G>  Ge>Ge
∆ ` Γ

 À

WÅ 

D
AJA
 @C>%ﬃ>
A
 >@  B>>
t
  N@
km~ChEz
 @C>GFL>@ Q 
open(t)
  *J eNJe
N| e> G>  e>Ge LF>>9GN  N
A
>N D DB: @S>(' eJ | D N| >G >  Ge>K ﬁ7

>

∃A, B `∈ t :
open(A, B)

• df ⇐ df A
• csv ⇐ csvA ∧ cpuA ∧ cstA ∧ cp>A ∧ cs⊥A
 

Å3Å 

 
w=hcqa!airk/¤ ciyvc
v
¬Î°¹`nokmg na!«/yvlon{ 
a vA b =⇒ MA(a) ⊆ MA(b) csvA
=⇒ M(a) ⊆ M(b) =⇒ ∀i ∈ I : i |= a ⇒ i |= b
 ~
 
	
?
=⇒ ∀i ∈ I : i 6|= a ∨ i 6|= ¬b
^`hPgﬀyvz?cinEa³km zrhPNyvcinokmz
=⇒
cfrhaihPp?qrhEz?c
a,¬b, ∆ ` Γ
noa³«/yml©n{Ë¯
µ³h
>
¬Î°¹bn©kNg%yvz|{
⊥
¬ °!¹bnokmg%y
t
hA«/yml©n{yma3yxk
t
kmloly
t
_ 
t
hE~rlymEh
a
j`_
>A
 ¢k
t
>
¬Î°¹bn©kNgª
ymz{
b
j`_
⊥A
 ¢k
t
⊥
¬ °!¹bn©kNgTªryvlokmzr¤!n§cf
cp>A
yvz|{
cs⊥A
¯
 
w=hc(q|aa¦k/¤&cfy/ccfrh
u
¬
}
qrlohº~
t
hPaih
t
«mhOa±«Gyml©n{bn©cd_m¯T°xafa¦qghYcfy/c
a uA b
na({bhE½zrhO{
ymz{cirhaihPp?qrhPzNc
a uA b, ∆ ` Γ
noa³«/yml©n{ËªbcfrhEz ¢k
t
yml©l
i ∈ I
∗
hPn§cfrh
t
∃X ∈ Γ : i |= X =⇒
cirhaihPp?qrhPzNc
a, b, ∆ ` Γ
noa³«/yvlon{
∗
k
t
∃L ∈ ∆ : i 6|= L =⇒
cirhaihPp?qrhPzNc
a, b, ∆ ` Γ
noa³«/yml©n{
∗
k
t
i 6|= a uA b =⇒ i /∈ M(a uA b) =⇒ i /∈ MA(a uA b)
=⇒ i /∈ MA(a) ∩MA(b)
¼
cpuA
¾
=⇒ i /∈ MA(a) =⇒ i /∈ M(a) =⇒ i 6|= a
=⇒
cirhaihPp?qrhPzNc
a, b, ∆ ` Γ
noa³«/yml©n{Ë¯
 
w=hcqaa¦rk/¤cfy/ccih
t
¬
}
qrloh~
t
hOa¦h
t
«NhPaË«/yvlon{bn§cd_N¯°¡aiaiqrgYhcfrh³a¦hOpNqhEz?c
¬(atAb), ∆ `
Γ
na³«/yvlono{3ªbcirhPz ¢k
t
yvlol
i ∈ I
∗
hPn§cfrh
t
∃X ∈ Γ : i |= X =⇒
cirhaihPp?qrhPzNc
¬a,¬b, ∆ ` Γ
noa³«/yml©n{
∗
k
t
∃L ∈ ∆ : i 6|= L =⇒
cirhaihPp?qrhPzNc
¬a,¬b, ∆ ` Γ
noa³«/yml©n{
∗
k
t
∃c ∈ a tA b : i 6|= ¬c
=⇒ ∃c ∈ a tA b : i |= c
=⇒ ∃c ∈ a tA b : i ∈ M(c)
=⇒ ∃c ∈ a tA b : i ∈ MA(c)
=⇒ i ∈
⋃
c∈atAb
MA(c)
=⇒ i ∈ MA(a) ∪MA(b)
¼
cstA
¾
=⇒ i 6|= ¬a ∨ i 6|= ¬b
=⇒ ¬a,¬b, ∆ ` Γ
na³«/yvlono{Ë¯
 
t
cTnahOymai_ cik
t
hOkmNzrnPOEhÁcfy/ccirhnozb ¢h
t
hEzEh
t
qrlohPa
¬¬
¬
}
ql©hNª
β
¬
}
qrlohmª
α
¬
}
ql©hyvz{
lon©cih
t
yvl©¬
}
qrlohºyvla¦kÁ~
t
hPaih
t
«mhY«/yvlon{bn§cd_N¯Á°xa(y´kmz|a¦hOpNqhEzEhmª=hP«mh
t
_+~
t
k/«/ymjrl©hﬀaihPp?qrhPzNc-noa
«/yml©n{Ë¯
	xk/¤  ¢k
t
yvz`_
f, g ∈ AS
ªbn© 
f v g
cirhPz
` ¬f ∨ g
nay~
t
k/«/yvjrloh²aihPp?qrhPz?c
=⇒
cfrnaa¦hOp?qrhEz?c!noa«Gyml©n{
=⇒
⋂
δ∈∅ M(δ) ⊆
⋃
γ∈{¬f∨g}M(γ) =⇒ M(¬f ∨ g) = I
=⇒ (I \M(f)) ∪M(g) = I =⇒ M(f) ⊆ M(g)
¯
µ³noa³~
t
k/«mhOa
csv
¯

• cpv(f, g) ⇐ csuA ∧ cptA∧
∀t ∈ Trees(` ¬f ∨ g) :
open(t) ⇒ ∃A, B `∈ t : openA(A, B) ∧ reducedA(A, B)
 

Å3Å 

~~q9
N
	 >G9

@S
 
6
h-½
t
a¦c±~
t
k/«Nhci|y/c²cirhjym
¥
¤³y
t
{`¬ yvnozrnozrﬀn©z?cfh
t
~
t
hEcfyvcinokmzkm AcirhﬀyvjCk/«mh(n©zb ¢h
t
hPzh
ai_badcfhEg cfh
t
gYn©zyvcihOax ¢k
t
yvlol
t
k`kvcaihPp?qrhPzNcO¯-k
t
cinoa±~
t
k`kv 6¤hzrhEhO{+ycfkvcfymlAk
t
{bh
t
nozr
km ³aihPp?qrhPz?cfaP¯
I
«mh
t
_´ ¢k
t
g(qrlyj|hPn©zÁhEn©cirh
t
yTl©n©cih
t
yml
L
ªyT{bkmqrjl©hﬀzrhPNyvcinokmz
¬¬X
ªy
Ekmz/udqzﬃcfn©kNz
α
k
t
y{bnoaWudqrzcinokmz
β
ª?kmzh{bh½zhPaymzﬀn©z?cfhE
t
yvlbgYhOymaiq
t
h
m
 ¢k
t
hP«mh
t
_ ¢k
t
¬
g-qrlynoz
ASprop(A)
yma= ¢kmlol©k/¤a 
m(α) = 1 + m(α1) + m(α2)
ª
m(¬¬X) = 1 + m(X)
ª
m(β) = 1 + m(β1) + m(β2)
ªyvz|{
m(L) = 1
¯
µ³noa gYhPyNa¦q
t
h noa h¹`cihPz{bhP{ cik aihPp?qrhPzhOa kv +~
t
kN~|k?a¦n©cinokmza
Γ
ªÁcik aihPp?qrhPzhOa km 
lon©cih
t
yvla
∆
ªymz{ cik. ¢qrlol+aihPp?qrhPzNca
∆ ` Γ
yma  ¢kNl©lok/¤a 
m(Γ) =
∑
X∈Γ m(X)
ª
m(∆) =
∑
L∈∆ m(L)
ª
m(∆ ` Γ) = (m(Γ), m(∆))
¯
nozyvlolo_mª±a¦hOpNqhEz?cfaTy
t
h+cikvcyvlol©_ k
t
{rh
t
hP{ yNEk
t
{rn©zr·cik y l©hE¹`nkN
t
yv~rnoÁk
t
{rh
t
n©zr
<
kNz
N2
¯
6
hxkmjaih
t
«mh6ci|y/cA ¢k
t
hE«mh
t
_-{bhP{bq|ﬃcinokmz
t
qrloh Seq1
Seq2
ª
m(Seq1) < m(Seq2)
rkNlo{aE¯
^bkª3hP«mh
t
_Á~
t
k`kv c
t
hPhYnoa²½zn§cfhm¯
t
zkvcih
t
¤6k
t
{raEª\cfrhﬀjyN
¥
¤³y
t
{`¬ yvnozrnozrº~
t
kbhO{bq
t
h
yml©¤³yG_bacih
t
gYn©z|y/cihOaE¯
 
	xk/¤ªkmzh ~
t
k/«NhPa·ciyvc
u
¬
}
ql©h~
t
hPaih
t
«mhOa·zkmzb¬Î«/yvlono{bn©cd_m¯ w3hEc qa ymafaiqrgYh%cfy/c
a uA b, ∆ ` Γ
noazrkvc!«/yvlono{3¯
µ³hEz
∃i ∈ I : (i |= a uA b
ymz{
∀L ∈ ∆ : i |= L
ymz{
∀X ∈ Γ : i 6|= X)
=⇒ ∃i ∈ I : (i |= a
ymz{
i |= b
yvz{
∀L ∈ ∆ : i |= L
yvz{
∀X ∈ Γ : i 6|= X csuA
=⇒
cfrhaihPp?qrhEz?c
a, b, ∆ ` Γ
noa!zkvc!«/yvlono{Ë¯
 
	xk/¤ªkmzh ~
t
k/«NhPa·ciyvc
t
¬
}
ql©h~
t
hPaih
t
«mhOa·zkmzb¬Î«/yvlono{bn©cd_m¯ w3hEc qa ymafaiqrgYh%cfy/c
¬(a tA b), ∆ ` Γ
noazrkvc!«/yvlono{3¯
µ³hEz
∃i ∈ I : (∀c ∈ a tA b : i |= ¬c, ∀L ∈ ∆ : i |= L, ∀X ∈ Γ : i 6|= X)
=⇒ ∃i ∈ I : ∀c ∈ a tA b : i 6|= c
=⇒ ∃i ∈ I :6 ∃c ∈ a tA b : i |= c
=⇒ ∃i ∈ I : i /∈
⋃
c∈atAb
M(c)
=⇒ ∃i ∈ I : i /∈ M(a) ∪M(b)
¼
cptA
¾
=⇒ ∃i ∈ I : i |= ¬a, i |= ¬b
=⇒ ¬a,¬b, ∆ ` Γ
na!zrkvc!«/yvlon{Ë¯
 
t
cnahOymai_ÁcikrhO
¥
ci|y/c
¬¬
¬
}
qrlohmª
α
¬
}
qrlohmª
β
¬
}
qrl©hyvz{lon§cfh
t
yvl©¬
}
ql©hﬀyvlaik~
t
hOa¦h
t
«Nh
zkmzb¬Î«/yvlono{bn©cd_m¯
 
t
 
f v g
cihEz
∃t ∈ Trees(` ¬f ∨ g) : ¬open(t)
ªnU¯ hm¯
t
nay~
t
k?km km 
` ¬f ∨ g
=⇒ f t g

¡h½|zrn§cfn©kNzTkv 
v
=⇒ M(f) ⊆ M(g) csv
=⇒ M(f) ⊆ M(g) ⇒ f v g =⇒ cpv(f, g)
¯
I
loaih
f 6v g
ªb¤!rnTn©gY~rlonohPa
∀t ∈ Trees(` ¬f ∨ g) : open(t)
=⇒ ∃A, B `∈ t : openA(A, B) ∧ reducedA(A, B)
 
t
kmg ?_`~CkvcfrhPaihPa
=⇒ ∃A, B `∈ t :
⋂
a∈A MA(a) 6⊆
⋃
b∈B MA(b)

¡h½|zrn§cfn©kNzTkv 
reduced
=⇒ ∃A, B `∈ t :
⋂
a∈A M(a) ∩
⋂
b∈B M(¬b) 6⊆
⋃
x∈∅M(x)
=⇒
cfrh
t
hna!y-zkmzb¬Î«/yvlono{a¦hOp?qrhEz?c
A, B `
noz
t

xhE½zrn©cinokmz
{
=⇒
cfrh²aihPp?qrhPz?c
` ¬f ∨ g
nazrkmzb¬Î«/yvlono{j|hOEymqa¦h²yvlol
t
qrlohPa~
t
hPaih
t
«mhOaAcih¡zrkNzb¬Î«Gyml©n{bn©cd_
¼Ia¦hPhyvjCk/«mhO¾
=⇒ M(f) 6⊆ M(g)
¯
 ~
 
	
`
xhEzEh
cpv
¼¶cihyvjaihEzEh±kv ~
t
k`km hEz?cyvnoloa6cfrhzrkmzr¬U«/yvlon{bn§cd_r¾¯

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~~q9
{
	 >G9

@S
• csv ⇐ csvE
   Å3Å  
f v g =⇒ f vE g
=⇒ ME(f) ⊆ ME(g)
¼
csvE
¾
=⇒ ∀iE : iE |=E f ⇒ iE |=E g
=⇒ ∀i ∈ I : (∃iE ∈ i : iE |=E f) ⇒ (∃iE ∈ i : iE |=E g)
=⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ M(f) ⊆ M(g)
¯

• cpv ⇐ cpvE
   Å3Å  
M(f) ⊆ M(g) =⇒ ∀i ∈ I : i |= f ⇒ i |= g
=⇒ ∀i ∈ I : (∃iE ∈ i : iE |=E f) ⇒ (∃iE ∈ I : iE |=E g)
=⇒ ∀{iE} ∈ I : iE |=E f ⇒ iE |=E g
=⇒ ME(f) ⊆ ME(g) =⇒ f vE g
¼
cpvE
¾
=⇒ f v g
¯

• cp> ⇐ cp>E
 

Å3Å 

ME(>E) = IE
¼
cp>E
¾
=⇒ ∀iE ∈ IE : iE |=E >E
=⇒ ∀i ∈ I : ∃iE ∈ i : iE |=E >E
=⇒ ∀i ∈ I : i |= >E
=⇒ M(>) = M(>E) = I
¯

• cs⊥ ⇐ cs⊥E
 

Å3Å 

ME(⊥E) = ∅
¼
cp⊥E
¾
=⇒ ∀iE ∈ IE : iE 6|=E ⊥E
=⇒ ∀i ∈ I : ∀iE ∈ i : iE 6|=E ⊥E
=⇒ ∀i ∈ I : i 6|= >E
=⇒ M(⊥) = M(⊥E) = ∅
¯

• csu
• cpu
• cst ⇐ cstE
 

Å3Å 

w=hc
f, g ∈ AS
=⇒ f, g ∈ ASE
=⇒
⋃
h∈ftEg
ME(h) ⊆ ME(f) ∪ME(g)
¼
cstE
¾
=⇒ ∀iE ∈ IE : (∃h ∈ f tE g : iE |=E h) ⇒ iE |=E f ∨ iE |=E g
=⇒ ∀i ∈ I : (∃iE ∈ i, h ∈ f tE g : iE |=E h) ⇒ (∃iE ∈ i : iE |=E f ∨ iE |=E g)
=⇒ ∀i ∈ I : (∃h ∈ f tE g, iE ∈ i : iE |=E h) ⇒ (∃iE ∈ i : iE |=E f) ∨ (∃ie ∈ i : iE |=E
g)
 ~
 
	 {

=⇒ ∀i ∈ I : (∃h ∈ f t g : i |= h) ⇒ i |= f ∨ i |= g
=⇒
⋃
h∈ftg M(h) ⊆ M(f) ∪M(g)
¯

• cpt ⇐ cptE
   Å3Å  
µ³rh~
t
k?km PyvzTjCh{bh
t
n©«NhP{ 
t
kNg cfrh~
t
hE«`nokmqa³~
t
k`kv  ¢k
t
cst
j`_
t
hP~rloyNnozr
⊆
j`_
⊇
ªyvz|{
⇒
j`_
⇐
¯

• reduced(F, G) ⇐ ∀f ∈ F : reducedE({f}, G)
reduced ⇐ reduced .right
reduced ′ ⇐ reduced .right
   Å3Å  
⋂
f∈F M(f) ⊆
⋃
g∈G M(g) ∧ closedt(G)
=⇒ closedtE (G)
yvz{
∀i ∈ I : (∀f ∈ F : i |= f) ⇒ (∃g ∈ G : i |= g)
=⇒ ∀i ∈ I : (∀f ∈ F : ∃iE ∈ i : iE |=E f) ⇒ (∃g ∈ G : ∃iE ∈ i : iE |=E g)
=⇒ ∀i ∈ I : (∀f ∈ F : ∃iE ∈ i : iE ∈ ME(f)) ⇒ (∃iE ∈ i : iE ∈
⋃
g∈G ME(g))
¯
	k/¤ a¦qr~~|k?a¦h±cfy/c
∀f ∈ F : ME(f) 6⊆
⋃
g∈G ME(g)
=⇒ ∀f ∈ F : ∃iE : iE |=E f ∧ iE /∈
⋃
g∈G ME(g)
µ³rnayvlol©k/¤a6cfkﬀjrqrnolo{Tymz
i ∈ I
aE¯ cP¯
∀f ∈ F : ∃iE ∈ i : iE |=E f ∧ iE /∈
⋃
g∈G ME(g)
ªnU¯ hm¯
i
Ekmz?cfymn©za³ymz
iE
 ¢k
t
hOym
f ∈ F
ªryvz{kmzl©_ﬀcfy/cO¯
=⇒ (∀f ∈ F : ∃iE ∈ i : iE ∈ ME(f)) ∧ ¬(∃iE ∈ i : iE ∈
⋃
g∈G ME(g)
ª!¤!rno
kNzNc
t
yN{bnﬃcfa6cfrhyvjCk/«mh²nog~l©nEyvcinokmz ¢k
t
yvlol
i ∈ I
¯
hPzh
∃f ∈ F : ME(f) ⊆
⋃
g∈G ME(g)
=⇒ ∃f ∈ F : {f} v∗E G)
¼
reducedE({f}, G)
¾
^`kﬀ¤6h²|yG«mh²kmzrh±kv cih± ¢kmlol©k/¤!nozr 
  def (⊥E) ∧ f vE ⊥E =⇒ def (⊥) ∧ f v ⊥ =⇒ F v∗ G)
  ∃g ∈ G : def (>E) ∧ >E vE g =⇒ ∃g ∈ G : def (>) ∧ > v g =⇒ F v∗ G
  ∃g ∈ G : f vE g =⇒ ∃g ∈ G : f v g =⇒ F v∗ G
t
zÁkmz|loqa¦nokmz¤6h²|yG«mh
F v∗ G
nozTyml©l3PymaihPaPªb¤!rncfh
t
gnozyvcihPa6cfrna!~
t
k?km d¯

~~q9
{
	 >G9

@S
9
n
0¨±3(' 
m
µ³noa² ¢qrz|ﬃcik
t
ym{r{rayjCkvc¦cfkmg£cikcirhﬀlyvzrNqyvNhmªËyvz|{´gﬀy
¥
h-n©c±cirh
t
hPaiqrl©c±km cfrhﬀkmzvudqrzﬃcfn©kNz+km 
y  
  
¬U ¢k
t
g(qrlyTyvz{yzrkmzr¬ÎaiqrjaiqrgYn©z  x¬U ¢k
t
g(qrlyr¯µ³rnoa ¢qrzﬃcfk
t
na±qaih ¢qrlLcikÁhEz|a¦q
t
hcirh
~
t
kN~|h
t
cd_
reduced ′
ªrNn©«NhEzcirh±~
t
km~Ch
t
cinohPa
sg ′
ªyvz|{
cp′v
¯
 
	   	   	 
X ∈ L
 ylokmmnvªb¤!kNaih  
  
¬U ¢k
t
g(qrlyma6yG«Nhyainozrmloh±gkb{bhPlI¯
 
    	
AS =def ASX ] {0}.
TELL =def TELLX .
ASK =def ASKX .
 
     
  
Æ
Å
»
(

I =def IX
¯
Ob



v
IÅ 

i |= f =def i |=X f
ª` ¢k
t
yvlol
f ∈ ASX
¯
 
    	  
	
   


WÅ

f v g =def


true
n§ 
f = 0
f vX g
n§ 
f, g ∈ ASX
false
kmcirh
t
¤!naih
O
Å
'
Å  Â

> =def >X
¯

Å 
P/rÆ

v
WÅ

⊥ =def 0
¯

Å 


v
WÅ

f u g =def


0
n§ 
f = 0
0
n§ 
g = 0
0
n§ 
f ∈ TELL ∧ g ∈ ASK ∧ f 6v g
0
n§ 
g ∈ TELL ∧ f ∈ ASK ∧ g 6v f
f uX g
n§ 
f, g ∈ ASX
 ~
 
	 {

 
   	  	 
  
• df ⇐ df X
• st ′ ⇐ st ′X
   Å3Å  
d ∈ TELL =⇒ d ∈ TELLX =⇒ MX(d) 6= ∅
¼
st ′X
¾
=⇒ M(d) 6= ∅
¯

• sg ′ ⇐ sg ′X
   Å3Å  
d ∈ TELL =⇒ d ∈ TELLX =⇒ Card (MX(d))
¼
sg ′X
¾
=⇒ Card (M(d)) = 1
¯

• csv ⇐ csvX
   Å3Å  
w=hc
f, g ∈ TELL
ªaiqcfy/c
f v g
¯Aµ³rhEz
 
hPn§cfrh
t
f = 0

M(f) = ∅ =⇒ M(f) ⊆ M(g)
ª
 
k
t
f, g ∈ ASX
ªymz{
f vX g

MX(f) ⊆ MX(g)
¼
csvX
¾
=⇒ M(f) ⊆ M(g)
¯

• cp′v ⇐ cp
′
vX
 

Å3Å 

w=hc
d ∈ TELL, x ∈ ASK
ªraiqci|y/c
M(d) ⊇ M(x)
¯
µ³rhEz
d ∈ TELLX , x ∈ ASKX
ª
MX(d) ⊆ MX(x)
=⇒ d vX x
¼
cp′vX
¾
=⇒ d v x
¯

• cp> ⇐ cp>X
 

Å3Å 

M(>) = M(>X) = MX(>X) = IX
¼
cp>X
¾
= I
¯

• cs⊥
 

Å3Å 

M(⊥) = M(0) = ∅
¯

• defstu ⇐ defstuX
 

Å3Å 

w3hEc
f, g ∈ AS
ªLaP¯ cO¯
M(f) ∩ M(g) 6= ∅
¯+µ³rhEz
f 6= 0
ªAymz{
g 6= 0
ªjChPPyvqaih
M(0) = ∅
¯L^`k|ª
f, g ∈ ASX
ªyvz{
MX(f) ∩MX(g) 6= ∅
=⇒ def (f uX g)
¼
defstuX
¾
=⇒ def (f u g)
¯

~~q9
{w
	 >G9

@S
• csu ⇐ csuX
   Å3Å  
w=hc
f, g ∈ AS
aP¯ cO¯
f u g
noax{bh½zhP{ 
  f = 0

M(0) = ∅
ª
  g = 0
An{bhEgTª
  f ∈ TELL, g ∈ ASK , f 6v g
Ano{rhEgTª
  f ∈ ASK , g ∈ TELL, g 6v f
Ano{rhEgTª
  f, g ∈ ASX

MX(f uX g) ⊆ MX(f) ∩MX(g)
¼
csuX
¾
=⇒ M(f uX g) ⊆ M(f) ∩M(g)
¯

• cpu ⇐ cpuX ∧ sg
′
X ∧ cp
′
vX
   Å3Å  
w=hc
f, g ∈ AS
aP¯ cO¯
f u g
noax{bh½zhP{ 
  f = 0

M(f) = M(0) = ∅ =⇒ M(f) ∩M(g) = ∅
ª
  g = 0
An{bhEgTª
  f ∈ TELL, g ∈ ASK , f 6v g

f ∈ TELLX , g ∈ ASKX , f 6vX g
=⇒ MX(f) 6⊆ MX(g)
¼
cp′vX
¾
=⇒ MX(f) ∩MX(g) = ∅
¼
sg ′X
¾
=⇒ M(f) ∩M(g) = ∅
ª
  f ∈ ASK , g ∈ TELL, g 6v f
Ano{rhEgTª
  f, g ∈ ASX

MX(f uX g) ⊇ MX(f) ∩MX(g)
¼
cpuX
¾
=⇒ M(f uX g) ⊇ M(f) ∩M(g)
¯

• reduced ′ ⇐ df X ∧ sg
′
X ∧ csvX ∧ cp
′
vX
 

Å3Å 

w=hc
F, G ⊆ AS
ª=aP¯ cO¯
⋂
f∈F M(f) ⊆
⋃
g∈G M(g)
ª
F ⊆ TELL ∪ ASK ∪ {⊥}
ª
F ∩ (TELL ∪ {⊥}) 6= ∅
ª
closedu(F )
ªCyvz{
G ⊆ ASK
¯
 
hPn§cfrh
t
⊥ = 0 ∈ F

∃f ∈ F : f v ⊥
¼¢jChPPyvqaih
0 v 0
¾
=⇒ F v∗ G
ª
 
k
t
F ⊆ TELL ∪ASK = TELLX ∪ ASKX = ASKX
ª
∃d ∈ F : d ∈ TELL
 ¼
df X
¾
=⇒ ∀f ∈ F : d vX f ∨ d 6vX f
=⇒ ∀f ∈ F : d v f ∨ (d ∈ TELLX ∧ f ∈ ASKX ∧ d 6vX f)
=⇒ ∀f ∈ F : d v f ∨ def (d u f)
=⇒ ∀f ∈ F : d v f
¼
closedu(F )
¾
=⇒ ∀f ∈ F : M(d) ⊆ M(f)
¼
csvX
¾
=⇒
⋂
f∈F M(f) = M(d) = MX(d) = {id}
¯ ¼
sg ′X
¾
	xk/¤ª
⋂
f∈F M(f) ⊆
⋃
g∈G M(g)
=⇒ id ∈
⋃
g∈G M(g)
 ~
 
	 {

=⇒ ∃g ∈ G : g ∈ ASK X , id ∈ MX(g)
=⇒ ∃d ∈ F, g ∈ G : d ∈ TELLX , g ∈ ASK X , MX(d) ⊆ MX(g)
=⇒ ∃d ∈ F, g ∈ G : d vX g
¼
cp′vX
¾
=⇒ ∃d ∈ F, g ∈ G : d v g
=⇒ F v∗ G. 
~~q9
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9
n 
ﬁ,
m
µ³noax ¢qrzcik
t
hEz|a¦q
t
hPaxci|y/cxcfrh~
t
kN~|h
t
cd_
sg ′
noa±afy/cina¦½hP{Ë¯²µ³rh~
t
kN~|h
t
cd_
df
na
t
hPp?qrn
t
hO{Ákmzcirh
y
t
NqrgYhEz?clokmNnon©zk
t
{bh
t
cfk²afy/cfnoa¦ ¢_±cirh6~y
t
cfnoyml`EkmgY~rlohcfhEzrhOaia
cp′v
¯µ³noa ¢qrz|ﬃcik
t
noajyNa¦hO{kmz(cirh
hP~rnadcfhEgYnoEl©k?a¦q
t
h;u h
t
m`xÎªb¤!rnTnoa³n©cfaihEl© {rh
t
n©«NhP{ 
t
kNg cirhlokmNno
AIK
¼  AJA 

 
u w=hE«
{
?x¢¾ﬃ¯
 
 	   	   	 
X ∈ L
 ylokmmnv¯
 
     	
AS → ASX | [ASX ]
TELL → [TELLX ]
ASK → ASKX | [TELLX ]
µ³rhTafpNq|y
t
hºj
t
ym
¥
hEcfa-{bhEzrkmcihcirhgYkb{ryvl³km~Ch
t
y/cfk
t
O
ciyvcnaYa¦~ChPEn§½Cﬀcik°
t
¯Aµ³rhqaiqyvl
gYkb{rymlËkm~Ch
t
y/cik
t
K
nogY~rlonoEn§cfl©_yv~r~rlonohPa³nozkmcirh
t
EyNa¦hOaE¯
 
      
  
Æ
Å
»
(

I =def 2
IX
¯
Ob



v
IÅ 

i |= f =def i ⊆ MX(f), M(f) =def 2MX(f)
i |= [f ] =def i = MX(f), M([f ]) =def {MX(f)}
 
     	  
	
   


WÅ

v g [g]
f f vX g
 Wyvlaih
[f ] f vX g f ≡X g
O
Å
'
Å  Â

> =def >X
¯
 
    	  	 
  
• df
• st ′
 

Å3Å 

µ
t
no«`noyml\ 
t
kNg cih{bh½zn§cfn©kNzkm aihEgﬀymzNcfnoPaE¯

 ~
 
	 {

• sg ′
   Å3Å  
µ
t
no«`noyml\ 
t
kNg cih{bh½zn§cfn©kNzkm aihEgﬀymzNcfnoPaE¯

• csv ⇐ csvX
   Å3Å  
w=hc
f, g ∈ AS
ª|aE¯ cP¯
f v g
¯Lµ³rhEz
 
hPn§cfrh
t
f, g ∈ ASX

f vX g
=⇒ MX(f) ⊆ MX(g)
¼
csvX
¾
=⇒ 2MX(f) ⊆ 2MX(g) =⇒ M(f) ⊆ M(g)
ª
 
k
t
f = [f ′] ∈ [ASX ], g ∈ ASX

f ′ vX g
=⇒ MX(f ′) ⊆ MX(g)
¼
csvX
¾
=⇒ {MX(f ′)} ⊆ 2MX(g) =⇒ M(f) ⊆ M(g)
ª
 
k
t
f = [f ′], g = [g′] ∈ [ASX ]

f ′ ≡X g′ =⇒ f ′ vX g′ ∧ g′ v f ′
=⇒ MX(f ′) ⊆ M(g′) ∧MX(g′) ⊆ M(f ′)
¼
csvX
¾
=⇒ MX(f ′) = MX(g′) =⇒ M(f) = M(g)
¯

• cp′v ⇐ df X ∧ cp
′
vX
 

Å3Å 

w3hc
d = [d′] ∈ TELL, d′ ∈ TELLX , x ∈ ASK
ªCaP¯ cP¯
M(d) ⊆ M(f)
¯xµ³h
t
h(y
t
h
EymaihPa 
 
hPn§cfrh
t
x ∈ ASKX

{MX(d′)} ⊆ 2MX(x)
=⇒ MX(d′) ⊆ MX(x) =⇒ d′ vX x
¼
cp′vX
¾
=⇒ d v x
ª
 
k
t
x = [x′] ∈ [TELLX ], x′ ∈ TELLX

{MX(d′)} ⊆ {MX(x′)}
=⇒ MX(d′) ⊆ MX(x′) ∧MX(x′) ⊆ MX(d′)
=⇒ d′ vX x′ ∧ x′ vX d′
¼
df X , cp
′
vX
¾
=⇒ d′ ≡X x′ =⇒ d v x
¯

• cp> ⇐ cp>X
 

Å3Å 

M(>) = M(>X) = 2MX (>X) = 2IX
¼
cp>X
¾
= I
¯

~~q9
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n
\2 
m
µ³noa ¢qzﬃcfk
t
hPza¦q
t
hOaciyvcAcirhx~
t
kN~|h
t
cd_
df
naafy/cfnoa¦½hP{3¯µ³rnaAnaL{bkNzrh!j`_yN{r{bnozryvzYno{rhEz?cin©½h
t
n©z
{rhPaf
t
n©~bcfk
t
aEªNyvz{ﬀnozﬀnozNcfh
t
~
t
hcfyvcinokmzaP¯°xaLhP«mh
t
_-no{bhPz?cin©½h
t
gYym~aAcfk(kNzrl©_kmzh  
   
¬Îaiqrjb¬U ¢k
t
g(qrlyrª
n©cj|hOkmgYhOa=~CkNafa¦nojrlohAcik²yG«NhyxEkmgY~rlohcihhEz?cfymn©logYhEz?cjChcd¤6hEhPz  
   
¬I ¢k
t
g-qrlymaPªvyvz{aik!cfk¡nozloq{bh
cfrhEg n©zcfrha¦hEc!kv   x¬U ¢k
t
g(qrlymaP¯
 
 	   	   	 
X ∈ L
 ylokmmnv¯
 
     	
AS =def ASX ∪ (N×ASX)
TELL =def N× TELLX
ASK =def ASKX ∪ (N× TELLX)
t
zÁym{{bn§cfn©kNzcfkYcirhOa¦h{bhE½zrn©cinokmzaPªr¤6hadcy/cih±cfrh± ¢kmlolok/¤!n©zrnoz?«/y
t
nyvz?c 
∀(n, f), (m, g) ∈ AS : n = m ⇒ f = g.
 
      
  
Æ
Å
»
(

I =def N× IX
¯
Ob



v
IÅ 

(m, i) |= f =def i |=X f , M(f) =def N×MX(f)
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• df
• st ⇐ stX
• st ′ ⇐ st ′X
• sg ′ ⇐ sg ′X
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f, g ∈ ASX

f vX g
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csvX
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ª
 
k
t
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f = (n, f ′), g = (m, g′) ∈ N×ASX
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λX.Prop(Bottom(Single(X)))
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